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ABSTRACT 
Steady-state laminar mixed convection of Bingham fluids in cylindrical enclosures with a rotating top 
cover has been numerically analysed for the configuration where the bottom cover is kept at a higher 
temperature than the rotating top cover. The numerical investigations have been carried out based on 
steady-state axisymmetric incompressible flow simulations for a range of different values Reynolds, 
Richardson, and Prandtl number given by 500 ≤  𝑅𝑒 ≤ 3000, 0 ≤   𝑅𝑖 ≤   1 and 10 ≤   𝑃𝑟 ≤   500 
respectively. The aspect ratio (i.e. height: radius = AR = H/R) of the cylindrical container is considered 
to be unity (i.e. AR = H/R = 1). The mean Nusselt number 𝑁𝑢̅̅ ̅̅   has been found to decrease sharply with 
increasing 𝐵𝑛 owing to flow resistance arising from yield stress, but subsequently 𝑁𝑢̅̅ ̅̅  asymptotically 
approaches a value of unity, which is indicative of a conduction-driven transport. In addition, the mean 
Nusselt number 𝑁𝑢̅̅ ̅̅  has been found to increase with increasing Reynolds number due to the 
strengthening of advective transport. However, the mean Nusselt number 𝑁𝑢̅̅ ̅̅  exhibits a non-monotonic 
trend (i.e. increases with increasing 𝑅𝑖  for small values of Richardson number before showing a weak 
decreasing trend) with increasing 𝑅𝑖 for Newtonian fluid (i.e. 𝐵𝑛 =  0), whereas 𝑁𝑢̅̅ ̅̅  increases with 
increasing 𝑅𝑖 for small values of Richardson number before becoming a weak function of 𝑅𝑖 for 
Bingham fluids. A step change in the mean Nusselt number has also been observed with an increase in 
Richardson number for some Bingham number values due to a change in flow pattern. The influences 
of Prandtl, Reynolds, Richardson, and Bingham numbers on the mean Nusselt number have been 
explained in detail based on both physical and scaling arguments. The simulation data and scaling 
relations have been utilised to propose a correlation for the mean Nusselt number, which has been shown 
to capture the numerical findings satisfactorily for the parameter range considered here.  
 
Keywords: Mixed convection, Bingham fluid, Rotating end wall, Reynolds number, Prandtl number, 
Richardson number, Bingham number 
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NOMENCLATURE 
a [-] Bridging function 
a1, a2 [-] Correlation parameters 
AR [-] Aspect ratio, (AR = H/R) 
b [-] Bridging function 
b1, b2 [-] Correlation parameters 
Bn [-] Bingham number 
cp [J/kgK] Specific heat at constant pressure 
CT [-] Torque coefficient 
e [-] Relative error 
Ec [-] Eckert number 
g [m/s2] Gravitational acceleration  
Gr [-] Grashof number 
h [W/m2K] Heat transfer coefficient 
H [m] Height of cylindrical enclosure 
k [W/mK] Thermal conductivity 
k0,k1 [-] Correlation parameters 
m0,m1 [-] Correlation parameters 
Nu [-] Nusselt number 
𝑁𝑢̅̅ ̅̅  [-] Mean Nusselt number 
Pr [-] Prandtl number 
q [W/m2] Heat flux 
R [m] Radius of cylindrical enclosure 
Ra [-] Rayleigh number 
Re [-] Reynolds number 
Ri [-] Richardson number 
T [K] Temperature 
U (m/s) Characteristic velocity scales in radial direction 
V (m/s) Characteristic velocity scales in tangential direction 
𝑉𝜙 [-] Non-dimensional swirl velocity, (𝑉𝜙 = 𝑣𝐻/𝛼) 
α [m2/s] Thermal diffusivity  
β [1/K] Coefficient of thermal expansion 
?̇? [1/s] Shear rate 
δ,δth [m] Hydrodynamic and thermal boundary layer thickness 
θ [-] Non- dimensional temperature, ( θ = (T-TC )/( TH-TC )) 
μ  
 
[Ns/m2] Plastic viscosity 
μyield [Ns/m2] Yield viscosity 
  [m2/s] Kinematic viscosity 
ρ [kg/m3] Density 
𝜏 [N/m2] Shear stress 
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τy [N/m2] Yield stress 
  [-] General primitive variable 
 Ω [1/s) Angular velocity 
  
 
[m2/s] Stream function 
Ψ [-] Non-dimensional stream function, (Ψ = 𝜓/𝛼) 
Subscripts 
adv  Advective 
Bn = 0  Newtonian fluid case  
C  Cold wall 
conv  Convective 
diff  Diffusive 
eff  Effective value 
H  Hot wall 
max  Maximum value  
r  Radial direction 
ref 
 
wall 
 Reference value 
 
Wall value  
wf  Condition of the fluid in contact with the wall 
z  Axial direction 
𝜙  Tangential direction  
Special characters 
 T  [K] Difference between hot and cold wall temperature ( = ( TH-TC )) 
cell,min  [m] Minimum cell distance  
r [-] Grid expansion ratio 
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1. INTRODUCTION 
The swirling flow produced by rotating one of the end walls of cylindrical enclosures has 
several engineering applications (e.g. chemical processing, bio-chemical synthesis, polymer 
processing, food preparation, applications involving magneto-rheological and electro-
rheological fluids etc.) for the purpose of augmenting the rate of heat transfer and mixing at 
relatively small values of Reynolds number. Flows of Newtonian fluids (where the viscous 
stress is directly proportional to the strain rate) in cylindrical enclosures with a rotating end 
cover have been extensively analysed in existing literature [1-9]. The analysis of swirling flows 
in this configuration for Newtonian fluids was pioneered by the seminal experimental 
investigations by Vogel [1,2], Ronnenberg [3], Bertela and Gori [4], and these analyses reported 
vortical fluid motion within the enclosure as a result of the rotation of an end cover. The findings 
of these analyses [1-4] have subsequently been extended by Escudier [5] who used experimental 
investigation to demarcate the stability criterion for vortex breakdown in this configuration in 
terms of aspect ratio (i.e. height to radius ratio H/R)  and Reynolds number Ω𝑅2/𝜈 (where Ω is 
the angular speed and 𝜈 is the kinematic viscosity). In addition to these experimental studies, 
several authors [6-9] numerically investigated this configuration for Newtonian fluids. Lee and 
Hyun [8] analysed the effects of Prandtl number on heat transfer rate in this configuration and 
reported significant Prandtl number dependence of the mean Nusselt number in this 
configuration. Iwatsu [9] analysed the effects of Reynolds and Richardson numbers (in the 
range of 100 ≤ 𝑅𝑒 ≤ 3000 and 0 ≤ 𝑅𝑖 ≤ 1 for 𝑃𝑟 = 1) on the flow pattern and heat transfer 
rate for swirling Newtonian fluid flows in a cylindrical enclosure with a heated rotating top wall 
for an aspect ratio of unity (i.e. 𝐴𝑅 = 𝐻/𝑅 = 1). The analysis by Iwatsu [9] revealed that 
advective transport weakens, whereas diffusive transport strengthens with an increase in 
Richardson number. All the aforementioned analyses were carried out for Newtonian fluids but 
heat transfer characteristics of yield stress fluids (i.e. fluids which flow only when a certain 
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stress level is surpassed) in cylindrical enclosures with a rotating end wall received relatively 
limited attention in the existing literature despite its wide range of applications in chemical and 
food processing. Most analyses on the non-Newtonian fluid flow in cylindrical enclosures with 
a rotating cover were carried out for viscoelastic fluids [10,11]. Escudier and Cullen [10] 
experimentally analysed cylindrical enclosures with a rotating top cover for shear-thinning 
viscoelastic fluids, and reported that the vortex structure is different from the Newtonian fluid 
case and an intense toroidal vortex in the vicinity of the rotating cover drives a secondary low 
intensity vortex. Stokes and Boger [11] proposed a regime diagram for flow stability based on 
Reynolds and Elasticity numbers for viscoelastic fluids in cylindrical enclosures with a rotating 
cover. A recent experimental analysis of heat transfer under ‘elastic turbulence’ of viscoelastic 
fluids within cylindrical enclosures with a rotating top cover was reported by Traore et al. [12]. 
It was found by Traore et al. [12] that the heat transfer rate under elastic turbulence might 
locally increase up to 4 times in comparison to the value in the purely conduction regime due 
to the secondary irregular motion induced by elastic instabilities in polymer flow with large 
relaxation times. The influence of shear-thinning on vortex breakdown (observed by Vogel 
[1,2] and Escudier [5] for Newtonian fluids in the past) in cylindrical enclosures with a rotating 
cover was experimentally and numerically analysed for non-Newtonian fluids by Böhme et al. 
[13] where the viscosity was approximated by a power-law in terms of shear rate. Böhme et al. 
[13] constructed an aspect ratio - Reynolds number (AR - Re) diagram, representing the domain 
of vortex breakdown for shear-thinning fluids. A few analyses [14-16] have recently 
concentrated on the rotating disk configuration for yield stress fluids. The mass transfer of yield 
stress fluids in such applications has recently been investigated by Rashaida et al. [14] and 
semi-analytical approaches for analysing swirling flow of Bingham fluids over a rotating disk 
have been proposed by Ahmadpour and Sadegyhy [15] and Guha and Sengupta [16]. However, 
to date, a recent paper of the present authors [17] is only one paper in the existing literature 
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which deals with both fluid flow and heat transfer characteristics of yield stress fluids in 
cylindrical enclosures with a rotating heated top wall in spite of its application in many chemical 
and food industries. Turan et al. [17] have numerically analysed mixed convection of Bingham 
fluids in cylindrical enclosures with a heated rotating top cover for an aspect ratio 
(height/radius) of unity (i.e. 𝐴𝑅 =  1) for a range of different values of nominal Prandtl, 
Richardson and Reynolds numbers given by 10 < 𝑃𝑟 < 500, 0 < 𝑅𝑖 < 1 and 100 < 𝑅𝑒 <
3000.  
 
It is possible to have four different configurations for cylindrical enclosures with a rotating end 
wall which are schematically shown in Fig. 1. A careful analysis of these four configurations 
(i.e. C1-C4 configurations) reveals that the C3 and C4 configurations are equivalent to the C1 
and C2 configurations respectively from the point of view of both fluid dynamics and heat 
transfer. It is indeed confirmed by the present authors that both rotating top and bottom cover 
configurations yield the same numerical value of the mean Nusselt number (𝑁𝑢̅̅ ̅̅ ) when the 
thermal boundary conditions are kept unaltered which indicates that heat transfer rate for a 
given set of thermal boundary conditions remains insensitive to the orientation of the rotating 
end wall. For this reason, only two main configurations, C1 and C2 are sufficient for heat 
transfer analysis. Turan et al. [17] have recently dealt with the C1 configuration but the C2 
configuration is yet to be analysed in detail. It is worth noting that the C2 configuration is 
fundamentally different from the C1 configuration. In the C1 configuration, the lighter hot fluid 
adjacent to the heated top wall sits on top of the heavier cold fluid and thus represents a stable 
stratified condition. By contrast, the C2 configuration represents an unstable condition where 
the heavier cold fluid sits on top of the lighter hot fluid adjacent to the heated bottom wall.  
Thus, both flow structure and heat transfer characteristics in the C2 configuration are likely to 
be different from those in the C1 configuration. In this paper, a detailed parametric analysis has 
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been conducted to analyse the effects of yield stress on heat and momentum transport for a 
range of different nominal values of Richardson, Reynolds and Prandtl numbers (definitions 
are provided in Section 2). The present analysis concentrates on the steady-state analysis of 
mixed convection and it was demonstrated by Iwatsu [9] that steady-state axisymmetric 
solutions for Newtonian fluids (i.e. 𝐵𝑛 = 0) can be obtained for the Reynolds number and 
Richardson number ranges given by 500 ≤ 𝑅𝑒 ≤ 3000 and 0 ≤ 𝑅𝑖 ≤ 1. The effective values 
of Reynolds number in the Bingham fluid cases are expected to be smaller than in the 
corresponding Newtonian fluid cases and thus steady-state axisymmetric solutions are expected 
to be valid for the ranges of nominal values of Reynolds number and Richardson number given 
by: 500 ≤ 𝑅𝑒 ≤ 3000 and 0 ≤ 𝑅𝑖 ≤ 1. The nominal Prandtl number range given by 10 ≤
𝑃𝑟 ≤ 500 has been considered here for the purpose of numerical experimentation because 
practical yield stress fluids (e.g. Carbopol) exhibit Prandtl numbers of the order of 100 [18,19], 
whereas the Prandtl number of water remains of the order of 10. The flow is likely to be three-
dimensional and the assumption of axisymmetry is unlikely to be valid for 𝑅𝑒 ≫ 3000 and 
𝑅𝑖 ≫1, and three-dimensional simulations of Bingham fluids in this configuration is about 20-
30 times more expensive than two-dimensional axisymmetric simulations depending on the 
Bingham number 𝐵𝑛. Thus, it is impractical to conduct a parametric analysis in terms of 
𝑅𝑒, 𝑅𝑖, 𝑃𝑟 and 𝐵𝑛 for the ranges of aforementioned non-dimensional numbers considered here 
based on three-dimensional simulations. 
 
The rest of the articles will be organised as follows. The necessary mathematical background 
and numerical implementation will be discussed in the next section. Following this, results will 
be presented and subsequently discussed. The main findings are summarized and conclusions 
are drawn in the final section. 
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2. MATHEMATICAL BACKGROUND & NUMERICAL IMPLEMENTATION 
2.1. Governing equations  
Many empirical models have been proposed in existing literature for describing the interrelation 
between shear stress and strain rate in yield-stress fluids. In this study, the Bingham model [20] 
is used, which is the simplest model to describe the relationship between shear stress and strain 
rate in yield stress fluids. The mathematical expression of the Bingham model is given as:    
?̇? = 0 for         𝜏 ≤ 𝜏𝑦 (1) 
𝜏 = (𝜇 +
𝜏𝑦
?̇?
) ?̇? for         𝜏 > 𝜏𝑦 (2) 
where  ?̇? and 𝜏 are the tensor of the strain rate and shear stress respectively,  𝜏𝑦 is the yield 
stress and 𝜇 is the so-called plastic viscosity of the yielded fluid. The quantities τ and γ̇ are 
defined based on the second invariants of the stress and the rate of strain tensors, respectively: 
𝜏 = [
1
2
𝜏 ∶  𝜏]
1/2
  
 
(3) 
 
?̇? = [
1
2
?̇? ∶  ?̇?]
1/2
  (4) 
 
O’Donovan and Tanner [21] used the bi-viscosity model to mimic the stress-shear rate 
characteristics for a Bingham fluid in the following manner:  
𝜏 = 𝜇𝑦𝑖𝑒𝑙𝑑?̇? for      ?̇? ≤
𝜏𝑦
𝜇𝑦𝑖𝑒𝑙𝑑
 (5) 
   
𝜏 = 𝜏𝑦 + 𝜇 [?̇? −
𝜏𝑦
𝜇𝑦𝑖𝑒𝑙𝑑
]  for     ?̇? >
𝜏𝑦
𝜇𝑦𝑖𝑒𝑙𝑑
 (6) 
   
where 𝜇𝑦𝑖𝑒𝑙𝑑 is the yield viscosity. The bi-viscosity regularisation replaces the unyielded 
regions by a region of very high viscosity. A large value of 𝜇𝑦𝑖𝑒𝑙𝑑/𝜇 needs to be chosen to 
replicate the Bingham model. The sensitivity of the choice of 𝜇𝑦𝑖𝑒𝑙𝑑/𝜇 in the case of mixed 
convection of Bingham fluids in cylindrical enclosures with a rotating end wall has been 
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analysed by Turan et al. [17] and they suggested a value of 𝜇𝑦𝑖𝑒𝑙𝑑 𝜇⁄ = 10
8 for ensuring high-
fidelity of the simulations. Accordingly, 𝜇𝑦𝑖𝑒𝑙𝑑 𝜇⁄ = 10
8 has been chosen for the present 
analysis. 
 
2.2. Governing equations and boundary conditions  
For the present analysis, a steady-state laminar incompressible axisymmetric swirling flow is 
considered. Under this condition the conservation equations in the cylindrical coordinate 
system take the following form: 
Mass conservation equation 
𝜕𝑢
𝜕𝑟
+
𝑢
𝑟
+
𝜕𝑤
𝜕𝑧
= 0 (7) 
 
Momentum conservation equations 
𝜌 (𝑢
𝜕𝑢
𝜕𝑟
−
𝑣2
𝑟
+ 𝑤
𝜕𝑢
𝜕𝑧
) = −
𝜕𝑝
𝜕𝑟
+
𝜕𝜏𝑧𝑟
𝜕𝑧
+
𝜕𝜏𝑟𝑟
𝜕𝑟
+
𝜏𝑟𝑟 − 𝜏𝜙𝜙
𝑟
 
(8a) 
 
𝜌 (𝑢
𝜕𝑣
𝜕𝑟
+
𝑢𝑣
𝑟
+ 𝑤
𝜕𝑣
𝜕𝑧
) =
𝜕𝜏𝑟𝜙
𝜕𝑟
+
𝜕𝜏𝑧𝜙
𝜕𝑧
+
2𝜏𝑟𝜙
𝑟
 
(8b) 
 
 
𝜌 (𝑢
𝜕𝑤
𝜕𝑟
+ 𝑤
𝜕𝑤
𝜕𝑧
) = −
𝜕𝑝
𝜕𝑧
+ 𝜌𝑔𝛽(𝑇 − 𝑇𝑟𝑒𝑓) +
1
𝑟
𝜕
𝜕𝑟
(𝑟𝜏𝑟𝑧) +
𝜕𝜏𝑧𝑧
𝜕𝑧
 
(8c) 
 
 
 
Energy conservation equation 
𝜌𝑐𝑝 (𝑢
𝜕𝑇
𝜕𝑟
+ 𝑤
𝜕𝑇
𝜕𝑧
) = 𝑘 (
1
𝑟
𝜕𝑇
𝜕𝑟
+
𝜕2𝑇
𝜕𝑟2
+
𝜕2𝑇
𝜕𝑧2
) 
(9) 
 
where 𝑢, 𝑣 and 𝑤 are the velocity components in radial (i.e. 𝑟), tangential (i.e. 𝜙) and axial (i.e. 
𝑧 here vertical direction) directions, respectively, 𝜌 is the fluid density, 𝑝 is the pressure, 𝑇 is 
the temperature, 𝑇𝑟𝑒𝑓 is the reference temperature for evaluating the buoyancy term 
𝜌𝑔𝛽(𝑇 − 𝑇𝑟𝑒𝑓) in the momentum conservation equation in the vertical direction, and here 𝑇𝑟𝑒𝑓 
is taken to be the cold wall temperature 𝑇𝑐, 𝑔 is the acceleration due to gravity, and 𝛽 is the 
volume expansion coefficient. In addition, thermo-physical properties (thermal conductivity 𝑘, 
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specific heat 𝑐𝑝, plastic viscosity 𝜇, yield-stress 𝜏𝑦 etc.) are assumed to be constant and 
independent of temperature in this analysis for the sake of simplicity. The aspect ratio (AR = 
H/R) of the cylindrical container is considered to be unity (i.e. AR = H/R = 1). The bottom and 
top covers of the cylindrical enclosure are kept at different temperatures (𝑇𝐶 < 𝑇𝐻), while the 
cylindrical circumferential surface is considered to be adiabatic. The temperature difference 
between the top and bottom covers are considered small enough to ensure that the Boussinesq 
approximation remains valid. For typical thermo-physical properties of yield stress fluids (see 
Table 1 of Ref. [19]), one needs a very large value of Ω𝑅 (to be realised in process engineering 
applications) to obtain large values of Eckert number 𝐸𝑐 = Ω2𝑅2/𝑐𝑝∆𝑇, which leads to strong 
viscous dissipation effects in the energy conservation equation. Thus, the viscous dissipation 
effects in Eq. 9 are neglected without much loss of generality in this analysis. The velocity 
components are identically zero due to no-slip condition and impenetrability on the surface of 
the container. Symmetry boundary condition is imposed for the axis. 
 
2.3. Non-dimensional numbers  
In the case of mixed convection for Bingham fluids the Nusselt number 𝑁𝑢 is expected to be 
dependent on Reynolds, Richardson, Prandtl and Bingham numbers (i.e. 𝑅𝑒, 𝑅𝑖, 𝑃𝑟 and 𝐵𝑛) 
according to the Buckingham’s pi theorem. Here, 𝑅𝑒, 𝑅𝑖, 𝑃𝑟, 𝐵𝑛 and 𝑁𝑢 are defined in the 
following manner accolrding to the previous analysis by Turan et al. [17]: 
𝑅𝑒 =  
𝜌Ω𝑅2
𝜇
;  𝑅𝑖 =
𝐺𝑟
𝑅𝑒2
=
𝑔𝛽Δ𝑇𝐻3
Ω2𝑅4
 ; 𝐺𝑟 =
𝜌2𝑔𝛽Δ𝑇𝐻3
μ2
;  𝑃𝑟 =  
𝜇𝑐𝑝
𝑘
 ;  𝐵𝑛 =
𝜏𝑦
𝜇Ω
 ; 𝑁𝑢 =
ℎ𝑅
𝑘
 (10) 
where the heat transfer coefficient h is defined as: 
ℎ = |−𝑘
𝜕𝑇
𝜕𝑧
|
𝑤𝑓
×
1
𝑇𝑤𝑎𝑙𝑙 − 𝑇𝑟𝑒𝑓
| (11) 
Here the subscript ‘wf’ refers to the condition of the fluid in contact with the wall, 𝑇𝑤𝑎𝑙𝑙 is the 
wall temperature and Tref  is the appropriate reference temperature, which can be taken to be 
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𝑇𝐶  (𝑇𝐻) for the hot (cold) wall. It is also worth noting that viscosity varies throughout the 
domain for Bingham fluid flows and thus, an effective viscosity can be expressed as: 𝜇𝑒𝑓𝑓 =
𝜏𝑦/?̇? + 𝜇 , which might be more representative of the viscous action within the flow than the 
constant plastic viscosity 𝜇. Therefore, the non-dimensional numbers could have been defined 
more appropriately if  𝜇𝑒𝑓𝑓 was used instead of 𝜇. However, ?̇? is expected to show local 
variations in the flow domain so using a single characteristic value in the definitions of the non-
dimensional numbers is unlikely to offer any additional benefit in comparison to the nominal 
definitions [17].  
 
In the present study, the thermo-physical properties such as thermal conductivity 𝑘, specific 
heat 𝑐𝑝, plastic viscosity 𝜇  and yield stress 𝜏𝑦 are taken to be independent of temperature for 
the sake of simplicity and also for the purpose of generalisation. Moreover, experimental 
evidence suggests that the yield stress remains approximately independent of temperature and 
the plastic viscosity is only a weakly decreasing function of temperature (similar to Newtonian 
fluids) for a well-known yield stress fluid Carbopol in the temperature range 0 to 90C [22]. 
Thus, the simulation outcomes for temperature-dependent physical properties are likely to be 
qualitatively similar to those with constant thermo-physical properties. 
 
2.4. Numerical implementation, grid-independency, and benchmarking  
In this study, a commercial package ANSYS-FLUENT, which was utilised previously 
successfully for the simulations of both non-Newtonian [23] and Newtonian fluids [24], has 
been used in order to solve the conservation equations of mass, momentum, and energy in a 
framework of finite-volume technique. For this analysis, a second-order central difference 
technique is used for the discretisation of the diffusive terms and a second-order upwind scheme 
is used for the convective terms. Coupling of pressure and velocity is achieved using the well-
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known SIMPLE (Semi-Implicit Method for Pressure-Linked Equations) algorithm [25]. The 
convergence criteria in FLUENT were set to 10-7 for all the relative (scaled) residuals. 
Interested readers are referred to Turan et al. [17] for further discussion on the choice of 
convergence criterion. 
 
Three different non-uniform meshes M1 (50 × 50), M2 (100 × 100) and M3 (200 × 200) 
have been investigated for the purpose of grid sensitivity analysis, and the details of these 
meshes have been provided in Table 1 where the normalised minimum grid spacing ∆𝑚𝑖𝑛,𝑐𝑒𝑙𝑙/𝑅 
and grid expansion ratio 𝑟𝑒 are provided. The numerical uncertainty for the mean Nusselt 
number (i.e. 𝑁𝑢̅̅ ̅̅ = ∫ 𝑁𝑢2𝜋𝑟𝑑𝑟/𝜋𝑅2
𝑅
0
) in the case of Newtonian  (i.e. 𝐵𝑛 =  0) flow and a 
representative Bingham fluid flow (i.e. 𝐵𝑛 =  2.0) case for Re = 1000 and 𝑅𝑖 =  0.1 at 𝑃𝑟 =
 100 are shown in Table 1. Table 1 highlights that the maximum relative error levels (ea) 
between M2 (100 × 100) and M3 (200 × 200) are under 1% for both Bingham and Newtonian 
fluids. Based on this analysis, the simulations have been conducted using mesh M2 (100 ×
100), which is found to be sufficient for providing high accuracy and computational efficiency. 
In addition to the grid-independency study, the simulation results for Newtonian fluids have 
also been compared with respect to the data reported by Iwatsu [9] in the case of C1 
configuration and an excellent agreement was obtained. Interested readers are referred to Turan 
et al. [17] for further information on benchmarking with respect to the numerical data by Iwatsu 
[9]. The numerical scheme used here has previously been validated earlier for laminar natural 
convection of Bingham fluids in square enclosures, and interested readers are referred to Turan 
et al. [26] for further information in this regard. 
 
2.5 Scaling analysis 
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Turan et al. [17] carried out a detailed scaling analysis to elucidate the influences of Reynolds, 
Richardson, Rayleigh, Prandtl and Bingham numbers on the mean Nusselt number in the C1 
configuration. The same scaling analysis also applies to the C2 configuration and thus is not 
repeated here. The key results of this scaling analysis are summarised in Table 2. Interested 
readers are referred to Turan et al. [17] for further discussion on the derivation of these scaling 
relations. 
 
3. RESULTS & DISCUSSIONS 
It is worth noting that the influences of 𝐵𝑛, 𝑅𝑒, 𝑅𝑖 and 𝑃𝑟 on the mean Nusselt number 𝑁𝑢̅̅ ̅̅  are 
interrelated but it is not helpful from the point of view of fundamental understanding to show 
the variations of 𝑁𝑢̅̅ ̅̅  with simultaneous changes of the aforementioned non-dimensional 
parameters. Thus, the variations of 𝑁𝑢̅̅ ̅̅  in response to the change in one key parameter when 
other parameters are unaltered are discussed in sub-sections 3.1-3.4 solely for the convenience 
of presenting the results and their discussion. 
 
3.1. Variations of Bingham number  
The variations of the mean Nusselt number 𝑁𝑢̅̅ ̅̅  with the changes in Bingham number Bn are 
shown in Fig. 2 for 𝑅𝑒 = 500, 1000 and 2000 at 𝑅𝑖 = 0.1 and 𝑃𝑟 = 100. For the purpose of 
numerical experimentation, the range of Bingham number is chosen in such a manner that the 
mean Nusselt number 𝑁𝑢̅̅ ̅̅  approaches the value obtained for pure conduction for the highest 
value of  𝐵𝑛 considered here. It is worth noting that the Bingham number 𝐵𝑛 = 𝜏𝑦/𝜇Ω can be 
modified by changing the angular speed Ω and for electro-rheological and magneto-rheological 
fluids the yield stress 𝜏𝑦 can be modified by applying electrical and magnetic fields to obtain a 
desired value of 𝐵𝑛. In order to elucidate the behaviour at high values of Bingham number, the 
variations of  𝑁𝑢̅̅ ̅̅  with 𝐵𝑛∗ = log(𝐵𝑛2 + 1) are shown in Fig. 2. It is evident from Fig. 2 that 
15 
 
𝑁𝑢̅̅ ̅̅  decreases sharply with increasing 𝐵𝑛, and eventually approaches asymptotically to a value 
of unity, which is indicative of a conduction-driven transport. It is worth noting that the 
variation of 𝑁𝑢̅̅ ̅̅  with 𝐵𝑛∗ shown in Fig. 2 is consistent with the scaling estimate shown in Table 
2, which indicates a decreasing trend of 𝑁𝑢̅̅ ̅̅  with increasing Bn. It is shown in Fig. 2 that the 
contours of non-dimensional temperature 𝜃 = (𝑇 − 𝑇𝐶)/(𝑇𝐻 − 𝑇𝐶) are curved and not parallel to 
horizontal walls, especially in the vicinity of the cold rotating cover, even for 𝑁𝑢̅̅ ̅̅  = 1.001, 
which suggests that the effects of advective transport sustain even for small values of mean 
Nusselt number in this configuration. Therefore, in this study, the criterion for the fully 
conduction-dominated regime is taken to be 𝑁𝑢̅̅ ̅̅  = 1.0001 because the isotherms for this 
condition remain parallel to the horizontal walls as predicted by a pure-conduction solution. It 
can be seen from Fig. 2 that viscous resistance strengthens in comparison to buoyancy and 
inertial forces with increasing 𝐵𝑛 for mixed convection (e.g. 𝑅𝑖 = 0.1).  
 
As in the previous study [17], the Bingham number at which the mean Nusselt number 
approaches 1.0001 is referred to 𝐵𝑛𝑚𝑎𝑥 in this paper. This suggests that 1.0 ≤ 𝑁𝑢̅̅ ̅̅ ≤ 1.0001 
for 𝐵𝑛 ≥ 𝐵𝑛𝑚𝑎𝑥 and 𝑁𝑢̅̅ ̅̅ > 1.0001 for 0 < 𝐵𝑛 < 𝐵𝑛𝑚𝑎𝑥. For large values of Bingham 
number, the fluid flow becomes too weak to impart any influence on thermal transport and heat 
transfer takes place due to conduction. Under conduction heat transfer, both C1 and C2 
configurations become equivalent to each other. Thus, 𝐵𝑛𝑚𝑎𝑥 is found to be the same for both 
C1 and C2 configurations. This can be verified from Fig. 3 which shows that 𝐵𝑛𝑚𝑎𝑥 values for 
the C2 configuration are exactly the same as those in the C1 configuration (as reported by Turan 
et al. [17]). Using the mean Nusselt number scaling in Table 2, one can estimate 𝐵𝑛𝑚𝑎𝑥 as [17]: 
𝐵𝑛𝑚𝑎𝑥~𝑅𝑒𝑓1 − (𝑎 + 𝑏𝑅𝑖
0.5)/𝑓1 (12) 
Eq. (12) suggests that 𝐵𝑛𝑚𝑎𝑥  increases with increasing 𝑅𝑒. The advective transport strengthens 
with increasing Re and as a result the Bingham number at which 𝑁𝑢̅̅ ̅̅  approaches to 1.0001 (i.e. 
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𝐵𝑛 =  𝐵𝑛𝑚𝑎𝑥) increases with increasing 𝑅𝑒.  It is worth noting that the function 𝑓1  represents 
the ratio of thicknesses of hydro-dynamic and thermal boundary layers, and this ratio increases 
with increasing 𝑃𝑟. Thus, the numerical value of 𝐵𝑛𝑚𝑎𝑥 is expected to increase with increasing 
𝑃𝑟. Figure 3 indeed shows that 𝐵𝑛𝑚𝑎𝑥 increases with increasing Re and Pr, whereas 𝐵𝑛𝑚𝑎𝑥 is 
not significantly influenced by 𝑅𝑖. Turan et al. [17] parameterised 𝐵𝑛𝑚𝑎𝑥 as 𝐵𝑛𝑚𝑎𝑥 =
 0.04𝑅𝑒1.08𝑃𝑟0.57 for the C1 configuration, which is valid also for the C2 configuration. It is 
worth noting that the 𝐵𝑛𝑚𝑎𝑥 correlation should be treated with caution because 𝑁𝑢̅̅ ̅̅ = 1.0001 
is not equivalent to the critical condition under which flow stops in the enclosure. In the context 
of bi-viscosity regularisation, the flow does not stop in a true sense for 𝐵𝑛 ≥ 𝐵𝑛𝑚𝑎𝑥, but it 
becomes extremely weak to influence the thermal transport. The critical condition in terms of 
Bingham number for which flow stops is not necessary from the perspective of heat transfer 
analysis conducted here.  
 
The weakening of thermal advective transport for large values of Bingham number can be 
substantiated from Fig. 4 where the contours of non-dimensional stream function Ψ (= 𝜓/𝛼 
where 𝜓 is the dimensional stream function and 𝛼 = 𝑘/𝜌𝑐𝑝 is the thermal diffusivity) and non-
dimensional temperature  (𝜃 = (𝑇 − 𝑇𝐶)/(𝑇𝐻 − 𝑇𝐶)) are shown for different values of 𝐵𝑛 at 
𝑅𝑒 = 1000, 𝑅𝑖 = 0.1, and 𝑃𝑟 = 100. Figure 4 shows a large region of uniform temperature 
especially for Newtonian (i.e. 𝐵𝑛 = 0) fluid cases and also for small values of Bingham number 
(e.g. 𝐵𝑛 =  1). A large region of uniform temperature indicates high rate of heat transfer as 
observed in Fig. 4. However, this region of uniform temperature distribution disappears with 
increasing 𝐵𝑛 and the region of low temperature moves to the top of the container. The 
isotherms become increasingly parallel to the active covers (i.e. top and bottom covers) of the 
container with a gradual increase in temperature from the top to the bottom of the container (i.e. 
with a large thermal boundary layer) as the Bingham number increases. Moreover, the 
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magnitude of Ψ decreases with increasing 𝐵𝑛 which is indicative of the weakening of advective 
transport in the container.  This behaviour is also indicative of the strengthening of conduction-
driven transport with increasing 𝐵𝑛, and the heat transfer takes place principally due to 
conduction, when 𝐵𝑛 reaches 𝐵𝑛𝑚𝑎𝑥 .   
 
It is also worth noting that the grey regions on the streamline plots in Fig. 4 indicate the 
Apparently Unyielded Regions (AURs) (regions where |𝜏| ≤ 𝜏𝑦 [27]). According to bi-
viscosity regularisation the unyielded zones are replaced by the regions of high viscosity– 
regions of extremely slowly moving fluid (Mitsoulis and Zisis [27] called them “apparently 
unyielded regions (AUR)”). In AURs, the flow becomes so weak (i.e. the magnitudes of 
velocity and stream function become negligible) that these regions can effectively be considered 
as stagnant zones. The velocity magnitudes in these zones are so small that they do not impart 
any influence on thermal transport. An idea about the locations of the unyielded zones can be 
obtained from the AURs. However, it is important to note that AURs are not really “unyielded” 
in the true sense in the context of bi-viscosity regularization, as pointed out by Mitsoulis and 
Zisis [27].  
 
3.2. Variations of Reynolds number  
The variation of the mean Nusselt number 𝑁𝑢̅̅ ̅̅  with nominal Reynolds number 𝑅𝑒 in the case 
of Newtonian (i.e. 𝐵𝑛 =  0) fluids and representative Bingham fluid cases (i.e. 𝐵𝑛 =  2 and 
5) is shown in Fig. 5 for 𝑅𝑖 = 0.1 and 𝑃𝑟 = 100. Figure 5 shows that 𝑁𝑢̅̅ ̅̅  increases with 
increasing Re, which is also expected from the scaling estimate of the mean Nusselt number 
(see Table 2). An increase in Nusselt number with increasing Reynolds number is indicative of 
the strengthening of advective transport. This can be substantiated from Fig. 6 where the 
distributions of non-dimensional swirl velocity component 𝑉𝜙 (= 𝑣𝐻/𝛼 ) along the vertical 
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mid-plane (𝑟/𝑅 = 0.5) are presented for both Newtonian (i.e. 𝐵𝑛 = 0) and representative 
Bingham (for 𝐵𝑛 =  1 and 5) fluid cases for different values 𝑅𝑒 at 𝑅𝑖 = 0.1. It can be seen 
from Fig. 6 that the magnitude of  𝑉𝜙 increases with increasing 𝑅𝑒 for all 𝐵𝑛 cases, which 
indicates the strengthening of thermal advection with an increase in 𝑅𝑒.  
 
The strengthening of advective transport with increasing 𝑅𝑒 could alternatively be explained 
by integrating convective heat transport through the boundary layer thickness on the bottom 
cover: 
𝑄𝑐𝑜𝑛𝑣 = 𝑄𝑎𝑑𝑣 + 𝑄𝑑𝑖𝑓𝑓 = ∫ 𝜌𝑐𝑝𝑢∆𝑇𝑑𝑧
𝛿
0
− ∫ 𝑘(𝜕𝑇/𝜕𝑟)𝑑𝑧
𝛿
0
 (13) 
 
where 
𝑄𝑎𝑑𝑣 = ∫ 𝜌𝑐𝑝𝑢∆𝑇𝑑𝑧
𝛿
0
~𝜌𝑐𝑝𝑈∆𝑇𝛿 (14a) 
𝑄𝑑𝑖𝑓𝑓 = −∫ 𝑘 (
𝜕𝑇
𝜕𝑟
)𝑑𝑧
𝛿
0
~(𝑘∆𝑇)
𝛿
𝑅
 (14b) 
  
where 𝛿 is the hydro-dynamic boundary layer thickness on the horizontal walls. Substituting 
𝑈~𝑎(Ω𝑅) + 𝑏(√𝑔𝛽𝛥𝑇𝑅) and the scaling relation for 𝛿 from Table 2 into Eqs. (14a) and (14b) 
yield the following scaling estimates for the magnitudes of 𝑄𝑎𝑑𝑣 and 𝑄𝑑𝑖𝑓𝑓: 
𝑄𝑎𝑑𝑣~0.5(𝑘∆𝑇)𝑃𝑟[𝑎 + 𝑏𝑅𝑖
1/2] [𝐵𝑛 + √𝐵𝑛2 + 4𝑅𝑒[𝑎 + 𝑏𝑅𝑖1/2]] (15a) 
𝑄𝑑𝑖𝑓𝑓~0.5(𝑘∆𝑇) [
𝐵𝑛
𝑅𝑒
+ √
𝐵𝑛2
𝑅𝑒2
+
4
𝑅𝑒
[𝑎 + 𝑏𝑅𝑖1/2]] (15b) 
 
Eqs. (15a) and (15b) indicate that the advective (diffusive) heat transport 𝑄𝑎𝑑𝑣 strengthens 
(weakens) with increasing 𝑅𝑒 as evident from Figs. 5 and 6. For this reason, the mean Nusselt 
number 𝑁𝑢̅̅ ̅̅  increases (decreases) with increasing (decreasing) 𝑅𝑒 , as shown in Fig. 5. 
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Figures 5 and 6 also indicate that the influences of Reynolds number 𝑅𝑒 on the mean Nusselt 
number 𝑁𝑢̅̅ ̅̅  weaken, and the magnitude of swirling velocity component 𝑉𝜙 decreases with 
increasing 𝐵𝑛. This can be explained in the following manner. In the case of Bingham fluids, 
an effective viscosity instead of a constant plastic viscosity would have been more appropriate 
while defining an effective Reynolds number. The “effective” viscosity can be estimated as: 
𝜇𝑒𝑓𝑓 ~ 𝜏𝑦/?̇? + 𝜇 (16) 
which can be scaled as: 
𝜇𝑒𝑓𝑓 ~ 𝜏𝑦𝛿/𝑈 + 𝜇 (17) 
Using scaling relation of 𝛿 from Table 2 and using the velocity scales 𝑈~𝑎(Ω𝑅) +
𝑏(√𝑔𝛽𝛥𝑇𝑅) and 𝑉~Ω𝑅  lead to: 
𝜇𝑒𝑓𝑓~
𝜏𝑦𝑅
a(Ω𝑅) + 𝑏√𝑔𝛽𝛥𝑇𝑅
(
𝐵𝑛
2𝑅𝑒
+
1
2𝑅𝑒
√𝐵𝑛2 + 4[𝑎𝑅𝑒 + 𝑏𝑅𝑒𝑅𝑖1/2]) + 𝜇 (18) 
Based on Eq. (18), an effective Reynolds number 𝑅𝑒𝑒𝑓𝑓 can be defined as: 
𝑅𝑒𝑒𝑓𝑓 =
𝜌Ω𝑅2
𝜇𝑒𝑓𝑓
=
𝑅𝑒 (𝑎 + 𝑏𝑅𝑖1/2)
(𝑎 + 𝑏𝑅𝑖
1
2) + (
𝐵𝑛2
2𝑅𝑒 +
𝐵𝑛
2𝑅𝑒
√𝐵𝑛2 + 4[𝑎𝑅𝑒 + 𝑏𝑅𝑒𝑅𝑖1/2])
 (19) 
Eq. (19) suggests that the effective Reynolds number 𝑅𝑒𝑒𝑓𝑓 decreases with increasing 𝐵𝑛 for a 
given set of values of 𝑅𝑒 and 𝑅𝑖, which is consistent with the weakening of thermal advection 
with an increase in 𝐵𝑛 (see Figs. 5 and 6). Thus, an increase in 𝐵𝑛 for a given set of values of 
𝑅𝑒 and 𝑅𝑖 leads to a drop of 𝑅𝑒𝑒𝑓𝑓 and as a result the augmentation of advective transport with 
increasing Reynolds number is relatively weak for high values of 𝐵𝑛. 
 
3.3. Variations of Richardson number  
The variation 𝑁𝑢̅̅ ̅̅  and non-dimensional swirl velocity component 𝑉𝜙 with 𝑅𝑖 are presented in 
Figs. 7 and 8 respectively. It can be observed from Fig. 7 that the mean Nusselt number 𝑁𝑢̅̅ ̅̅  
exhibits a mild increase with increasing Ri before becoming mostly insensitive to the changes 
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in Richardson number 𝑅𝑖 for Newtonian fluids (i.e. 𝐵𝑛 = 0). This behaviour is qualitatively 
different from the behaviour reported for the C1 configuration (in which the rotating top cover 
is hotter than the bottom one) by Turan et al. [17]. In the C1 configuration, 𝑁𝑢̅̅ ̅̅  shows a 
decreasing trend with increasing 𝑅𝑖 for Newtonian fluids (i.e. 𝐵𝑛 = 0) and also for small values 
of Bingham number, whereas 𝑁𝑢̅̅ ̅̅  remains insensitive to the changes in Ri in the case of large 
Bingham number [17]. This difference in the variation of 𝑁𝑢̅̅ ̅̅  with 𝑅𝑖 between the C1 and C2 
configurations can be explained in the following manner. For mixed convection (i.e. 𝑅𝑖 > 0), 
the relative strengths of inertial, buoyancy and viscous forces determine the flow behaviour. 
For 𝑅𝑖 = 0, which corresponds to purely forced convection, the flow is governed by the inertial 
and viscous forces. The influence of buoyancy force starts to strengthen with an increase in 𝑅𝑖, 
and therefore the competition between buoyancy force and viscous forces becomes increasingly 
important with increasing 𝑅𝑖. However, in the C1 configuration, where the top cover is hotter 
than the bottom one, represents a stable configuration where the lighter hot fluid sits on top of 
the heavier cold fluid so the effects of natural convection only remain significant close to the 
heated top cover in the container and oppose the fluid motion induced by top rotating wall. As 
a result of this, advective transport weakens and the mean Nusselt number decreases with 
increasing Ri for small values of 𝐵𝑛 in the C1 configuration. For large values of 𝐵𝑛, the region 
of non-negligible value of 𝑉𝜙 remains confined to the vicinity of the rotating top cover in the 
C1 configuration and thus the strength of advective transport and the mean Nusselt number 𝑁𝑢̅̅ ̅̅  
are not significantly affected by the variation of 𝑅𝑖.  By contrast, in the C2 configuration, where 
the rotating top cover is colder than the bottom one, the buoyancy force strengthens with 
increasing 𝑅𝑖 and this buoyancy-induced flow aids the fluid motion initiated by the rotating end 
cover for small values of 𝑅𝑖 and this leads to a marginal increase in the mean Nusselt number 
𝑁𝑢̅̅ ̅̅ . A comparison of the distributions of 𝑉𝜙 for different values of 𝑅𝑖 in Fig. 8 reveals that the 
velocity magnitude increases with increasing 𝑅𝑖 in comparison to the pure forced convection 
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(i.e. 𝑅𝑖 = 0) case. However, the hydrodynamic boundary layer thicknesses on both top and 
bottom covers do not change appreciably with a change in 𝑅𝑖 for large values of Richardson 
number (see Fig. 8), and the same is applicable for the thermal boundary layer. Thus, the mean 
Nusselt number 𝑁𝑢̅̅ ̅̅  either does not change appreciably or decrease slightly with increasing 
Richardson number for large values of 𝑅𝑖. This Richardson number dependence of the mean 
Nusselt number becomes increasingly weak for an increase in Bingham number, which is 
consistent with the Nusselt number scaling presented in Table 2. The Richardson number 
dependence of the mean Nusselt number can alternatively explained in terms of an effective 
Grashof number for Bingham fluid flows in the following manner: 
𝐺𝑟𝑒𝑓𝑓 =
𝜌2𝑔𝛽∆𝑇𝑅3
𝜇𝑒𝑓𝑓2
=
𝐺𝑟 (𝑎 + 𝑏𝑅𝑖1/2)2
[(𝑎 + 𝑏𝑅𝑖1/2) + (
𝐵𝑛2
2𝑅𝑒 +
𝐵𝑛
2𝑅𝑒
√𝐵𝑛2 + 4[𝑎𝑅𝑒 + 𝑏𝑅𝑒𝑅𝑖1/2])]
2 (20) 
 
Eqs. (19) and (20) suggest that both the effective Grashof number 𝐺𝑟𝑒𝑓𝑓 and the effective 
Reynolds number 𝑅𝑒𝑒𝑓𝑓 increase with increasing 𝑅𝑖 for mixed convection cases. This indicates 
that the relative influences of both buoyancy and inertial forces strengthen in comparison to 
viscous forces with increasing 𝑅𝑖. This leads to an increase in the mean Nusselt number 𝑁𝑢̅̅ ̅̅  
with 𝑅𝑖 as observed in Fig. 7. However, the mean  Nusselt number eventually becomes a weak 
decreasing function of 𝑅𝑖 for large values of Richardson number according to the scaling 
estimate of 𝑁𝑢̅̅ ̅̅  given in Table 2. Moreover, the increases of effective Grashof and Reynolds 
numbers with an increase in 𝑅𝑖 weaken with increasing 𝐵𝑛. Therefore, the relative influences 
of the buoyancy and inertial forces in comparison to viscous forces weaken for large values of 
𝐵𝑛. As a result of this, the mean Nusselt number 𝑁𝑢̅̅ ̅̅  becomes insensitive to the changes in 𝑅𝑖  
for large values of 𝐵𝑛, as observed in Fig. 7.  
 
It can indeed be seen from Fig. 8 that the distributions of non-dimensional swirling velocity 
component 𝑉𝜙 is affected by Ri for small values of Bn , whereas 𝑅𝑖  does not have any influence 
22 
 
on the non-dimensional swirl velocity component 𝑉𝜙 for large values of Bingham number 𝐵𝑛. 
This suggests that the convection strength and thereby the mean Nusselt number 𝑁𝑢̅̅ ̅̅  become 
insensitive to the variation of Richardson number 𝑅𝑖 for large values of 𝐵𝑛, as shown in Fig. 7. 
In addition, it can be seen from Fig. 7 that there is a step change in the numerical value of 𝑁𝑢̅̅ ̅̅  
at 𝑅𝑖 = 0.3 for 𝐵𝑛 = 1.0. In order to ascertain whether this step change arises due to a physical 
realisable mechanism, some additional simulations have been carried out using more refined 
meshes for the same set of 𝐵𝑛, 𝑅𝑒, and 𝑅𝑖 values. It was observed that the same trend also 
appears for the other meshes. This indicates that this step change in the numerical value of 𝑁𝑢̅̅ ̅̅  
is a physical reality. It can be seen from the contours of non-dimensional stream functions in 
Fig. 9 that the flow pattern changes at 𝑅𝑖 = 0.3 where a step change in the value of 𝑁𝑢̅̅ ̅̅  occurs. 
A second cellular structure appears on the bottom cover (i.e. hot cover) at 𝑅𝑖 = 0.3, whereas 
only one cell flow structure is observed for smaller values of Richardson number. The second 
cell grows gradually with increasing 𝑅𝑖 for 𝐵𝑛 = 1 at 𝑅𝑒 = 1000 and 𝑃𝑟 = 100. Eqs. (19) and 
(20) indicate that the effective values of Reynolds and Grashof numbers change with the 
variation of 𝑅𝑖 and thus a flow structure, which can be realised for small values of 𝑅𝑖, may not 
be possible to obtain for large values of 𝑅𝑖. 
 
3.4. Variations of Prandtl number 
The variations of 𝑁𝑢̅̅ ̅̅  with 𝑃𝑟 for Newtonian (𝐵𝑛 = 0) and Bingham fluids (𝐵𝑛 = 1 and 10) 
for both 𝑅𝑖 = 0 (pure forced convection) and 𝑅𝑖 = 0.1 (mixed convection) cases are shown in   
Fig. 10, which indicates that 𝑁𝑢̅̅ ̅̅  increases with increasing 𝑃𝑟 for the C2 configuration, which 
is qualitatively similar to the results reported by Turan et al. [17] for the C1 configuration. In 
addition to this, it can be detected from Fig. 10 that 𝑃𝑟 has significant influences on 𝑁𝑢̅̅ ̅̅  for 
small values of 𝐵𝑛 for both 𝑅𝑖 = 0 and 0.1 cases, whereas 𝑁𝑢̅̅ ̅̅  becomes insensitive to the 
variation of 𝑃𝑟 for large values of 𝐵𝑛. This behaviour can be explained by the distributions of 
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θ and 𝑉ϕ along the vertical mid-plane which are shown in Fig. 11 for 𝑅𝑖 = 0.1. It is apparent 
from Fig. 11 that the thermal boundary layer thickness decreases with increasing 𝑃𝑟 for small 
values of Bingham number, which in turn acts to increase the mean Nusselt number 𝑁𝑢̅̅ ̅̅ ~𝑅/𝛿𝑡ℎ. 
Furthermore, the magnitude of the non-dimensional swirling velocity component rises with 
increasing 𝑃𝑟 for all Bingham fluid cases. This indicates that the advective transport strengthens 
with increasing 𝑃𝑟, which is consistent with previous findings [8]. This behaviour is observed 
all along the vertical mid-plane for small values of 𝐵𝑛, whereas it appears only in the vicinity 
of the heated bottom cover for large 𝐵𝑛 values. Therefore, 𝑁𝑢̅̅ ̅̅  is less sensitive to the variation 
of 𝑃𝑟 for large values of 𝐵𝑛 as shown in Fig. 10.  
 
The strengthening of advection with increasing 𝑃𝑟 can also be explained with the help of Eq. 
(15a), which indicates that advective transport within the boundary layer strengthens with 
increasing 𝑃𝑟 especially for small 𝐵𝑛 values. This leads to an increase in 𝑁𝑢̅̅ ̅̅  with increasing 
𝑃𝑟 as observed in Fig. 10. However, Eq. (15a) also shows that this strengthening of advection 
with increasing 𝑃𝑟 decreases with increasing 𝐵𝑛 values since advective transport weakens with 
increasing 𝐵𝑛. As a result, 𝑁𝑢̅̅ ̅̅   becomes less sensitive to the variation of 𝑃𝑟 for large values of 
𝐵𝑛.   
 
3.5. The mean Nusselt number correlation 
According to the Buckingham’s pi theorem it is possible to show that the mean Nusselt number 
𝑁𝑢̅̅ ̅̅  can be expressed as: 𝑁𝑢̅̅ ̅̅ = 𝑓2(𝐵𝑛, 𝑅𝑒, 𝑅𝑖, 𝑃𝑟). In addition to this, the scaling analysis 
indicates the same qualitative trend for the mean Nusselt number in this configuration. In the 
case of Newtonian fluids (i.e. 𝐵𝑛 = 0), the following correlation is proposed for the mean 
Nusselt number 𝑁𝑢̅̅ ̅̅  for 0 ≤ Ri ≤ 1, 500 ≤ Re ≤ 3000 and 10 ≤ Pr ≤ 500 : 
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𝑁𝑢̅̅ ̅̅ 𝐵𝑛=0 = 1 + 𝑘0𝑅𝑒
𝑚0 (21) 
where ko and mo are the correlation parameters which depend on Ri and Pr (Table 3). These 
parameterisations of the Ri and Pr dependences of  ko and mo are empirical in nature but they 
ensure that Eq. 21 is consistent with the Buckingham’s pi theorem (i.e. 𝑁𝑢̅̅ ̅̅ = 𝑓2(𝑅𝑒, 𝑅𝑖, 𝑃𝑟)).  
The predictions of the correlation given by Eq. (21) are compared to the numerical results in 
Fig. 12 for different Ri, Re and Pr values. Figure 12 demonstrates that the correlation, given by 
Eq. (21), satisfactorily captures both qualitative and quantitative variations of 𝑁𝑢̅̅ ̅̅  for the range 
of 𝑅𝑖, 𝑅𝑒 and 𝑃𝑟 analysed in this study. 
 
In addition, based on the scaling relation given in Table 2, a correlation for the mean Nusselt 
number for Bingham fluids is also proposed here for 0 ≤ Ri ≤ 1, 500 ≤ Re ≤ 3000 and 10 ≤ Pr 
≤ 500 : 
𝑁𝑢̅̅ ̅̅ = 𝑀𝑎𝑥
[
 
 
 
 
1,
𝑁𝑢̅̅ ̅̅ 𝐵𝑛=0
(
𝐵𝑛
𝐴 +
√(
𝐵𝑛
𝐴 )
2
+ 1)𝐷
]
 
 
 
 
 (22) 
where  𝐴 = 2√𝑎𝑅𝑒 + 𝑏(𝑅𝑖𝑅𝑒2)1/2 with 𝑎 = 𝑒−𝑅𝑖 and 𝑏 = 1 − 𝑒−𝑅𝑖. Here, D is empirically 
expressed as: 𝐷 = 1 + 𝑘1𝐵𝑛
𝑚1 where k1 and m1 are the correlation parameters, which are listed 
in Table 4. For = 0 , Eq. (22) reduces to the mean Nusselt number correlation for Newtonian 
fluids (i.e. Eq. (21)). By contrast, for 𝐵𝑛 ≥ 𝐵𝑛𝑚𝑎𝑥, the mean Nusselt number 𝑁𝑢̅̅ ̅̅  approaches 
unity due to conduction-driven transport. The predictions of Eq. (22) are compared to the 
numerical data in Fig. 13 for different Ri, Re at Pr = 100, which demonstrates that the 
correlation given by Eq. (22) satisfactorily captures the qualitative variations of 𝑁𝑢̅̅ ̅̅  with 𝐵𝑛 
for the range of Ri, Re at Pr = 100. The correlation function given by Eq. (22) can approximately 
estimate the numerical results at the level of an average error of 8 %. It is also worth noting that 
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the same level of quantitative agreement between numerical results and the correlation given 
by Eq. (22) has also been obtained for Pr = 10 and 500 values analysed in this study.  
 
4. CONCLUSIONS 
The influences of Bingham, Reynolds, Prandtl, and Richardson numbers on the mean Nusselt 
number for steady-state laminar mixed convection of yield stress fluids obeying the Bingham 
model in cylindrical enclosures with a rotating top cover have been numerically analysed for 
the configuration where the bottom cover is kept at a higher temperature than the rotating top 
cover (i.e. C2 configuration). It has been found that the qualitative nature of the Bingham, 
Reynolds and Prandtl number dependences of the mean Nusselt number are the same as in the 
configuration where the top rotating wall is heated (i.e. C1 configuration) [17], whereas the 
Richardson number dependence of the mean Nusselt number is qualitatively different from the 
C1 configuration. The mean Nusselt number 𝑁𝑢̅̅ ̅̅   has been found to decrease with an increase 
in 𝐵𝑛, and 𝑁𝑢̅̅ ̅̅  ultimately attains a value of unity, which is indicative of a conduction-driven 
transport. The mean Nusselt number 𝑁𝑢̅̅ ̅̅  has also been found to increase with increasing 
Reynolds number due to the strengthening of advective transport. The mean Nusselt number 
𝑁𝑢̅̅ ̅̅  exhibits a non-monotonic trend (i.e. increases with increasing 𝑅𝑖  for small values of 
Richardson number before showing a weak decreasing trend) with increasing 𝑅𝑖 for Newtonian 
fluid  (i.e. 𝐵𝑛 =  0), whereas 𝑁𝑢̅̅ ̅̅  increases with increasing 𝑅𝑖 for small values of Richardson 
number before becoming a weak function of 𝑅𝑖 for Bingham fluids. A step change in the mean 
Nusselt number has also been observed with an increase in Richardson number for some 
Bingham number values due to a change in flow pattern. Moreover, both Reynolds number and 
Richardson number dependences of the mean Nusselt number have been found to weaken 
considerably with an increase in Bingham number. Detailed physical explanations have been 
provided for the influences of Bingham, Reynolds, Prandtl, and Richardson numbers on the 
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mean Nusselt number with the help of a scaling analysis. Finally, the scaling results and 
numerical findings have been utilised to propose a correlation for the mean Nusselt number, 
which has been shown to capture the simulation data accurately for the parameter range 
considered here. 
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Table 1. The details of the meshes and the relative error for the mean Nusselt number 𝑁𝑢̅̅ ̅̅  for 
Newtonian (i.e. 𝐵𝑛 = 0) and Bingham fluids (e.g. 𝐵𝑛 =  2) for 𝑅𝑖 =  0.1 and 𝑅𝑒 =  1000 at          
𝑃𝑟 =  100. 
 
Mesh Details 
M1 
(50 × 50) 
M2* 
(100 × 100) 
M3 
(200 × 200) 
∆𝑚𝑖𝑛,𝑐𝑒𝑙𝑙/𝑅 3.10 × 10
-3 1.55 × 10-3 0.78 × 10-3 
𝑟𝑒 1.0630              1.0307              1.0152 
Relative 
Error 
M1 
(50 × 50) 
M2* 
(100 × 100) 
M3 
(200 × 200) 
𝑁𝑢̅̅ ̅̅  (𝐵𝑛 = 0)    32.8294      32.2667     32.0751 
ea (%)               1.7140     0.5938 
𝑁𝑢̅̅ ̅̅  (𝐵𝑛 = 2)     6.4067       6.4440 6.4685 
ea (%)              0.5822    0.3802 
 
* The mesh which is used for the numerical simulations. 
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Table 2. Summary of the important results of the scaling analysis reported by Turan et al. [17]. 
The balance between inertial and viscous 
forces 𝜌
𝑉2
𝑅
~
𝜏
𝛿
 
𝑉 ~ Ω𝑅 
𝑈 ~ 𝑎(Ω𝑅) + 𝑏(√𝑔𝛽𝛥𝑇𝑅) 
where 𝑎 = 𝑒−𝑅𝑖 and 𝑏 = 1 − 𝑒−𝑅𝑖 
Shear stress 𝜏~𝜏𝑦 + 𝜇 (𝑈/𝛿) 
Hydrodynamic boundary layer thickness 
𝛿
𝑅
~
𝐵𝑛
2𝑅𝑒
+
1
2𝑅𝑒
√𝐵𝑛2 + 4 [𝑎𝑅𝑒 + 𝑏 (
𝑅𝑎
𝑃𝑟
)
1/2
] 
Nusselt number scale* 
𝑁𝑢̅̅ ̅̅ ~
2𝑅𝑒
𝐵𝑛 + √𝐵𝑛2 + 4 [𝑎𝑅𝑒 + 𝑏 (
𝑅𝑎
𝑃𝑟)
1/2
]
𝑓1 
𝑅𝑖 = 0 𝑁𝑢̅̅ ̅̅ ~
2𝑅𝑒
𝐵𝑛 + √𝐵𝑛2 + 4𝑅𝑒
𝑓1 
𝑅𝑖 ≫ 1 
𝑁𝑢̅̅ ̅̅ ~
2𝑅𝑒
𝐵𝑛 + √𝐵𝑛2 + 4(
𝑅𝑎
𝑃𝑟)
1/2
𝑓1 
𝑅𝑖 = 0 𝑁𝑢̅̅ ̅̅ ~𝑅𝑒1/2𝑓1 
 𝑅𝑖 ≫ 1 𝑁𝑢̅̅ ̅̅ ~𝑅𝑖−1/2(𝑅𝑎/𝑃𝑟)1/4𝑓1 = (𝑅𝑎/𝑃𝑟)
1/4𝑓2 
 
* Nusselt number can be scaled as: 𝑁𝑢̅̅ ̅̅ = ℎ𝑅 𝑘⁄ ~𝑅 𝛿𝑡ℎ⁄ ~(𝑅 𝛿⁄ )𝑓1(𝑅𝑒, 𝑅𝑖, 𝑅𝑎, 𝑃𝑟, 𝐵𝑛)                                                                    
where  fı is a function of Re, Ri, Ra, Pr and Bn, which accounts for the ratio of hydrodynamic 
to thermal boundary layer thicknesses (i.e. 𝛿 𝛿𝑡ℎ⁄ ~𝑓1(𝑅𝑒, 𝑅𝑖, 𝑅𝑎, 𝑃𝑟, 𝐵𝑛)).  
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Table 3. Summary of the mean Nusselt number 𝑁𝑢̅̅ ̅̅  correlation for Newtonian fluids. 
𝑵𝒖̅̅ ̅̅ = 𝟏 + 𝒌𝟎𝑹𝒆
𝒎𝟎 
10 ≤ Pr < 100 
𝑘0 = (0.056 + 0.012𝑙𝑛𝑃𝑟) + (0.129𝑙𝑛𝑃𝑟 − 0.225)exp (−𝑅𝑖(3.368 + 3.123𝑙𝑛𝑃𝑟)) 
𝑚0 = (0.757 − 0.050𝑛𝑃𝑟) + (0.422𝑙𝑛𝑃𝑟 − 0.897)𝑅𝑖
(0.118𝑙𝑛𝑃𝑟−0.083) 
100 ≤ Pr ≤ 500  
𝑘0 = (0.207𝑙𝑛𝑃𝑟 − 0.605)exp (−𝑅𝑖(0.177 + 0.004𝑙𝑛𝑃𝑟)) 
𝑚0 = (0.683 − 0.008𝑙𝑛𝑃𝑟) + (0.006 + 0.004𝑛𝑃𝑟)𝑅𝑖
(0.590+0.016𝑙𝑛𝑃𝑟) 
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Table 4. Summary of the mean Nusselt number correlation for Bingham fluids. 
𝑁𝑢̅̅ ̅̅ = 𝑀𝑎𝑥
[
 
 
 
 
1,
𝑁𝑢̅̅ ̅̅ 𝐵𝑛=0
(
𝐵𝑛
𝐴 +
√(
𝐵𝑛
𝐴 )
2
+ 1)𝐷
]
 
 
 
 
 
𝐴 = 2√𝑎𝑅𝑒 + 𝑏(𝑅𝑖𝑅𝑒2)1/2  →         𝑎 = 𝑒−𝑅𝑖 and 𝑏 = 1 − 𝑒−𝑅𝑖 
𝐷 = 1 + 𝑘1𝐵𝑛
𝑚1   →         𝑘1 = 𝑎1exp (−𝑏1𝑅𝑒) and 𝑚1 = 𝑎2𝑅𝑒
𝑏2 
10 ≤ Pr ≤ 100  
𝑎1 = (0.139𝑃𝑟
0.244) + (0.772𝑃𝑟0.289−0.568𝑅𝑖)exp (0.284𝑅𝑖) 
𝑏1 = (1/(4972.702 + 637.381𝑃𝑟)) + (1/(1263.822 − 3.710𝑃𝑟)exp (−𝑅𝑖(0.018 + 0.109ln𝑃𝑟) 
𝑎2 = (1/(0.313 + 1.108𝑃𝑟)) + (0.139𝑃𝑟
0.184+1.333𝑅𝑖)exp (−7.968𝑅𝑖) 
𝑏2 = (1 + (5.622 − 0.612𝑙𝑛𝑃𝑟)𝑅𝑖)/((3.922 + 0.00156𝑙𝑛𝑃𝑟) + (18.263 − 2.627𝑛𝑃𝑟)𝑅𝑖) 
100 < Pr ≤ 500   
𝑎1 = (1.559𝑙𝑛𝑃𝑟 − 7.369) + (2.404𝑃𝑟
0.072−1.909𝑅𝑖)exp (3.226𝑅𝑖) 
𝑏1 = (1/(85170 − 161.062𝑃𝑟)) + (1/(792.7 − 0.153𝑃𝑟))exp (−𝑅𝑖(16.908 − 2.412𝑙𝑛𝑃𝑟)) 
𝑎2 = 0.00126 + (0.37 − 0.0085𝑙𝑛𝑃𝑟)𝑃𝑟
4.359𝑅𝑖exp (−29.215𝑅𝑖) 
𝑏2 = (1 + (287.523 − 4.466𝑙𝑛𝑃𝑟)𝑅𝑖)/((6.037 − 0.423𝑙𝑛𝑃𝑟) + (21.879 − 3.821𝑙𝑛𝑃𝑟)𝑅𝑖) 
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FIGURE CAPTIONS 
Fig.1. Schematic diagrams of the simulation domain and different boundary conditions where 
TH and TC are the hot and cold wall temperatures. 
Fig. 2. The variation of mean Nusselt number 𝑁𝑢̅̅ ̅̅  with Bingham number Bn for different values 
of Reynolds number Re for Ri = 0.1 and Pr = 100. 
Fig. 3. The variation of Bnmax with Reynolds number Re for different values of Pr and Ri for 
both C1 and C2 configurations along with Bnmax correlation [17]. 
Fig. 4. The contours of non-dimensional temperature 𝜃 and stream function Ψ = 𝜓/𝛼 with 
AURs (shown in grey) for different values of 𝐵𝑛 for 𝑅𝑖 =  0.1 at 𝑅𝑒 =  1000 and 𝑃𝑟 = 100. 
Fig. 5. The variation of mean Nusselt number 𝑁𝑢̅̅ ̅̅  with Reynolds number Re in the case of 
Newtonian (i.e. Bn = 0) and Bingham (i.e. Bn = 2 and 5) fluids for Ri = 0.1 and Pr = 100. 
Fig. 6. The variation of non-dimensional swirl velocity component 𝑉𝜙 along the vertical mid-
plane   (i.e. r/R = 0.5) for different Reynolds number Re values for Newtonian (i.e. Bn = 0) and 
Bingham fluid (i.e. Bn = 2 and 5 ) cases at Ri = 0.1 and Pr = 100. 
Fig. 7. The variation of mean Nusselt number 𝑁𝑢̅̅ ̅̅  with Richardson number Ri and for different 
values of Bingham number Bn at Re = 1000 and Pr = 100. 
Fig. 8. The variation of the non-dimensional swirl velocity 𝑉𝜙 for different values of Bingham 
number Bn at Re = 1000 and Pr = 100. 
Fig. 9. The contour of non-dimensional stream function Ψ = 𝜓/𝛼 with AURs (shown in grey) 
at 𝐵𝑛 = 1, 𝑅𝑒 = 1000 and 𝑃𝑟 = 100. 
Fig. 10. The variation of mean Nusselt number 𝑁𝑢̅̅ ̅̅  with Prandtl number 𝑃𝑟 in the case of 
Newtonian (i.e. Bn = 0) and Bingham (i.e. Bn = 1 and 10) fluids for Ri = 0 (i.e. purely forced 
convection) and 0.1 (i.e. mixed convection) at Re = 1000. 
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Fig. 11. The variation of non-dimensional temperature 𝜃 and swirl velocity component 𝑉𝜙  
along the vertical mid-plane (i.e. r / R = 0.5) for different Pr values for Newtonian (i.e. Bn = 0) 
and Bingham Fluid (i.e. Bn = 1 and 10) cases at Ri = 0.1 at Re = 1000. 
Fig. 12. Comparison between 𝑁𝑢̅̅ ̅̅  obtained from the simulations with the predictions of Eq. (21) 
for Newtonian fluid cases for different Ri, Re and Pr values. 
Fig. 13. Comparison between 𝑁𝑢̅̅ ̅̅  obtained from the simulations with the predictions of Eq. (22) 
for Bingham fluid cases for different Ri and Re values at Pr = 100. 
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TABLE CAPTIONS 
Table 1. The details of the meshes and the relative error for the mean Nusselt number 𝑁𝑢̅̅ ̅̅  for 
Newtonian (i.e. 𝐵𝑛 = 0) and Bingham fluids (e.g. 𝐵𝑛 =  2) for 𝑅𝑖 =  0.1 and 𝑅𝑒 =  1000 at          
𝑃𝑟 =  100. 
Table 2. Summary of the important results of the scaling analysis reported by Turan et al. [17]. 
Table 3. Summary of the mean Nusselt number 𝑁𝑢̅̅ ̅̅  correlation for Newtonian fluids. 
Table 4. Summary of the mean Nusselt number correlation for Bingham fluids. 
 
 
 
 
 
 
 
 
